Abstract. We define the weighted multiplicity of a point on normal varieties of dimension n for a weighted blowing up at the point. Then we give the weighted multiplicities of terminal non Gorenstein singularities on threefolds for the weighted blowing up for giving minimal discrepancies by Kawamata and the weighted multiplicities of log terminal singularities of A type on surfaces by simple calculation. By applying the weighted multiplicities, we can improve freeness conditions of terminal non Gorenstein singularities on threefolds in the results of us and effective freeness conditions of log terminal singularities of A type cases in the results concerning freeness of Ein and Lazarsfeld or Kawachi.
Introduction
We recall related results which are previously known. T.Fujita conjectured that, for a smooth projective variety X and an ample divisor L on X, the linear system |K X + mL| is free if m ≥ dim X + 1. Reider [Rdr] proved that this is the case if dim X = 2. Ein and Lazarsfeld [EL] proved that this is the case if dim X = 3. Kawamata [Ka5] proved that this is the case if dim X = 4. For a projective variety X of dimension 2 with some singularities, Ein and Lazarsfeld [EL] and Matsushita [Mat] extended the result of Reider [Rdr] to singular cases. Kawachi [KM] [Kwc] and Maşek [Ma] obtained the effective estimates for a normal surface X. For a projective variety X of dimension 3 with some singularities, Oguiso and Peternell [OP] proved that, for projective threefolds X with only Q-factorial Gorenstein terminal (.resp canonical ) singularities, and an ample divisor L on X, the linear system |K X + mL| is free if m ≥ 5 (.resp m ≥ 7). Ein, Lazarsfeld, and Maşek [ELM] and Matsushita [Mat] extended some of the results of Ein and Lazarsfeld [EL] to projective threefolds with terminal singularities. A strong version of Fujita's freeness conjecture: Let X be a normal projective variety of dimension n, x 0 ∈ X a smooth point, and L an ample Cartier divisor. Assume that there exist positive numbers σ p for p = 1, 2, · · · , n which satisfy the following conditions: (1) p √ L p · W ≥ σ p for any subvariety W of dimension p which contains x 0 , (2)σ p ≥ n for all p, and σ n > n. Then |K X + L| is free at x 0 . Fujita [F] proved that, if σ 1 ≥ 3, σ 2 ≥ √ 7, and σ 3 > 3 √ 51, then |K X + L| is free at x 0 . Kawamata [Ka5] proved that, if σ 1 ≥ 3, σ 2 ≥ 3, and σ 3 > 3, then |K X + L| is free at x 0 . We [K1] extended the results of Kawamata [Ka5] to normal projective threefolds with terminal Gorenstein singularities or some quotient singularities or canonical and not terminal singularities. We [K1] obtained the following: Corollary [K1, Corollary 3.9 ] Let X be a projective variety of dimension 3 and H an ample Cartier divisor on X. Assume that X has at most canonical Gorenstein singularities. Then the linear system |K X + mL| is free if m ≥ 4. Moreover, if H 3 ≥ 2, then |K X + 3H| is also free. Note that Lee [L1] [L2] also obtained a result similar to this corollary independently.
Moreover we extended the results with quotient singularities of type 1/r(1,1,-1) [K1] to the following [K2, Theorem 4 .1 ] by the upper bound of the multiplicities of terminal singularities of index x 0 X on threefolds [K2, Theorem 2.1 ] (mult x 0 X ≤ r + 2 and emb dim x 0 X ≤ r + 4): Let X be a normal projective variety of dimension 3, x 0 ∈ X a terminal singular point for index x 0 X = r > 1, and L an ample Q-Cartier divisor such that K X + L is Cartier at x 0 . Assume that there are positive numbers σ p for p = 1, 2, 3 which satisfy the following conditions: (1) p √ L p · W ≥ σ p for any subvariety W of dimension p which contains x 0 , (2) σ 1 ≥ 1 + 1/r, σ 2 ≥ (1 + 1/r) √ r + 3, and σ 3 > (1 + 1/r) 3 √ r + 2. Then |K X + L| is free at x 0 . Kawamata advised us that freeness conditions of terminal singularities for index x 0 X > 1 is more improvement by the weighted blowing up. Then we started to study this improvement. Now we know the weighted blowing up and the weighted multiplicities are very important to effective freeness conditions at terminal singularities on threefolds. Moreover we believed that the fundamental cycle and Kawachi invariant [KM] or more powerful new invariant by Kawachi [Kwc] are very important to effective freeness conditions of adjoint linear systems at log terminal singularities on normal surface. However, surprisingly, we know that, for log terminal singularities of A type, the weighted blowing up and the weighted multiplicities are more important to effective freeness conditions than the fundamental cycle and Kawachi invariant or more powerful new invariant by Kawachi. By applying the weighted multiplicities, we can improve freeness conditions of terminal non Gorenstein singularities on threefolds (Theorem 4.1 and 4.2) in the results of us [K2] and effective freeness conditions of log terminal singularities of A type cases on surfaces (Theorem 5.1 and 5.2) in the results of Ein and Lazarsfeld [EL] and Kawachi [KM] [Kwc] .
We shall prove the following results in this paper: (Threefold cases) Let X be a normal projective variety of dimension 3, x 0 ∈ X a terminal singular point for index x 0 X = r > 1, and L an ample Q-Cartier divisor such that K X + L is Cartier at x 0 . Assume that there are positive numbers σ p for p = 1, 2, 3 which satisfy the following conditions:
3 r 2 /a(r − a), then |K X + L| is free at x 0 . (Surface cases) Let S be a normal projective surface, x 0 ∈ S a log terminal singular point of A type for index x 0 S = r > 1, and L an ample Q-Cartier divisor such that L is Cartier at x 0 . Assume that there are positive numbers σ p for p = 1, 2 which satisfy the following conditions:
(Theorem 5.1) We assume that x 0 ∈ S is a rational double point of A r−1 type for index x 0 S = r > 1, that σ 1 ≥ 1, and that σ 2 > 2/ r/(r 2 − 1) if r is odd or 2/ √ r if r is even. Then |K S + L| is free at x 0 .
(Theorem 5.2) We assume that x 0 ∈ S is a log terminal singular point of A type, i.e., ∼ = C 2 /Z r (a, 1) ∼ = C 2 /Z r (1, b) such that index x 0 S = r > 1, (r, a) = 1, (r, b) = 1, ab ≡ 1( mod r), and r, a, b ∈ Z >0 . If σ 1 ≥ (min{a, b} + 1)/r and σ 2 > (min{a, b} + 1)/ min{a, b}r, then |K S + L| is free at x 0 . Our proof of freeness is very similar to the one for the smooth case given in [Ka5] . However this involves more careful and detailed analysis of weighted blowing up, the weighted multiplicities, and discrepancies.
Preliminaries
In this section, we first define the new following notions to which we extend the multiplicity of a point on a normal variety X and the multiplicity of an effective Q-Cartier divisor D on X at a point: Definition 1.1. Let X be a normal variety of dimension n, x 0 a point of X, µ : Y → X a weighted blowing up at x 0 with exceptional divisors E,D on Y the proper transform of an effective Q-Cartier divisor D on X. The weighted multiplicity of X at x 0 for µ w-mult µ:x 0 X is that
The weighted order of D on X at x 0 for µ w-ord µ:x 0 D is that
The weighted multiplicity at a nonsingular point for ordinary blowing up at the point is the same as usual multiplicity at a nonsingular point. Also the weighted order of an effective Q-Cartier divisor at a nonsingular point for ordinary blowing up at the point is the same as usual multiplicity of the effective Q-Cartier divisor at a nonsingular point. We have the following concrete example of the weighted multiplicity at a nonsingular point and the weighted order of an effective Q-Cartier divisor for the weighted blowing up at the point: Example 1.2. Let X = C 3 and µ : Y → X a weighted blowing up at x 0 of the weight (x, y, z) = (1, a, b) for a, b ∈ Z >0 with the exceptional divisor E and D an effective Q-Cartier divisor on X. We consider that
Then we have
Remark 1.3. Let M be an effective Weil divisor on (X, x 0 ) = (C 3 /Z r (a, −a, 1), 0) with 0 < a < r and (r, a) = 1, and µ : Y → X the weighted blowing up at x 0 with the weight (x, y, z) = (a/r, 1 − a/r, 1/r) with the exceptional divisor E. The weighted multiplicity of M at x 0 w − mult x 0 M defined by Kawamata [Ka4] is that
Most of the results of freeness in this paper are the applications of the following vanishing theorem:
. Let X be a smooth projective variety and D a Q-divisor. Assume that D is nef and big, and that the support of the difference
We recall notation of [Ka5] (cf [KMM] ). Definition 1.5. Let X be a normal variety and
is an embedded resolution of the pair (X, D), then we can write
with F = µ −1 * D + Σ j e j E j for the exceptional divisors E j . The pair (X, D) is said to have only log canonical singularities (LC) (resp.kawamata log terminal singularities(KLT )) if d i ≤ 1(resp. < 1) for all i and e j ≤ 1(resp. < 1) for all j.
A subvariety W of X is said to be a center of log canonical singularities for the pair (X, D), if there is a birational morphism from a normal variety µ : Y → X and a prime divisor E on Y with the coefficient e ≥ 1 such that µ(E) = W . The set of all the centers of log canonical singularities is denoted by CLC(X, D). For a point x 0 ∈ X, we define CLC(X, x 0 , D) = {W ∈ CLC(X, D); x 0 ∈ W }.
We shall use the following proved by Kawamata [Ka5] [Ka6]. Then we can control the singularities of the minimal center of log canonical singularities and can replace the minimal center of log canonical singularities by a smaller subvariety. Proposition 1.6 ([Ka5 1.5,1.6,1.9] [Ka6] ). Let X be a normal variety and We would like to calculate the weighted multiplicity of terminal singularities on threefolds for the weighted blowing up for minimal discrepancies by Kawamata. We shall firstly need the following Mori's classification theorem of terminal singularities in dimension 3. Theorem 1.8 ( [M] ). Let 0 ∈ X be a 3-fold terminal nonhypersurface singular point over C. Then 0 ∈ X is isomorphic to a singularity described by the following list: We shall need the secondary following weighted blowing up for minimal discrepancies of terminal singularities in dimension 3.
We have the following weighted blowing up for minimal discrepancies 1/r.
, and µ i : Y → X the weighted blowing up with the weights wt(x, y, z, u)
/2). We have the weighted blowing up with the weights
4 C{z, u} and ord(f ) = 2k. We have the weighted blow up with the weights wt(x, y, z, u) = (k/2, (k + 1)/2, 1/2, 1/2) if k is odd or
where ord(f ) = 3. The weighted blowing up with the weight wt(x, y, z, u) = (1/2, 1/2, 1, 3/2).
In the first case (resp. the remaining cases ), we have the weighted blowing up with the weight wt(x, y, z, u) = (2/3, 1/3, 1/3, 1) (resp.(2/3, 4/3, 1/3, 1)).
and ord(h) = 4. We write h = h 4 + (higher order terms ). If h 4 is a square, we may assume that h 4 = y 4 or y 2 z 2 . If h 4 is not (resp. is ) a square, we have the weighted blow up with the weight wt(x, y, z, u) = (1, 1/2, 1/2, 3/2)(resp. (1, 3/2, 1/2, 3/2)).
We shall need the following for the upper bound of the embedding dimension of the minimal center which is a surface:
Calculation of the weighted multiplicities
In this section, we prove the weighted multiplicities in three cases by simple calculation. First we prove the weighted multiplicities of terminal singularities on threefolds for the weighted blowing up for giving minimal discrepancies by Kawamata (Theorem 1.9).
Theorem 2.1. Let (X, x 0 ) be a 3 fold terminal singular point of index x 0 X = r > 1 over C and µ : Y → X the weighted blowing up by Kawamata such 
Proof. Case(0) Let (X, x 0 ) ∼ = (C 3 /Z r (a, r − a, 1), 0) and µ : Y → X the weighted blowing up of X at x 0 of the weight wt(x, y, z) = (a/r, 1 − a/r, 1/r) for an integer a with (r, a) = 1 with the exceptional divisor E of µ. Then we consider that
Then we have that
where (r, a) = 1 and k = ord(f ) for wt(z, u) = (1, 1/r) and µ i : Y → X the weighted blowing up with the weights wt(x, y, z, u) = (i + a/r, k − i − a/r, 1, 1/r) for an arbitrarily fixed i with 0 ≤ i < k with the exceptional divisor E i of µ i by Theorem 1.9. Then we consider that, for xy = −f (z, u r ),
(1, 3, 2, 1), 0). We assume that k ≡ 1( mod 4). Let µ k : Y → X be the weighted blowing up with the weights wt(x, y, z, u) = (k/4, (k+2)/4, 1/2, 1/4) with the exceptional divisor E k of µ k by Theorem 1.9. Then we consider that, for
≤ 16 3 (= if and only if k = 1).
We assume that k ≡ 3 ( mod 4). Let µ k : Y → X be the weighted blowing up with the weights wt(x, y, z, u) = ((k + 2)/4, k/4, 1/2, 1/4) with the exceptional divisor E k of µ k by Theorem 1.9. Then we consider that, for
The rest of the proof in k ≡ 3( mod 4) case is the same as k ≡ 1( mod 4) case. Hence in Case (2), w-mult µ k :x 0 X = 16 k + 2 ≤ 16 3 (= if and only if k = 1).
(1, 2, 1, 1), 0) where ord(f ) = 2k for wt(z, u) = (1, 1). We assume that k is odd. Let µ k : Y → X be the weighted blowing up with the weights wt(x, y, z, u) = (k/2, (k + 1)/2, 1/2, 1/2) with the exceptional divisor E k of µ k by Theorem 1.9. Then we consider that, for
≤ 4 (= if and only if k = 1).
We assume that k is even. Let µ k : Y → X be the weighted blowing up with the weights wt(x, y, z, w) = ((k + 1)/2, k/2, 1/2, 1/2) with the exceptional divisor E k of µ k by Theorem 1.9. Then we consider that, for
The rest of the proof of k even case is the same as k odd case. Hence in Case (3),
≤ 4 (= if and only if k = 1). 1, 2, 1 ). Let µ : Y → X be the weighted blowing up with the weight wt(x, y, z, u) = (1/2, 1/2, 1, 3/2) with the exceptional divisor E of µ by Theorem 1.9. Case(4-1, 2) Then we consider that, for xyz = −u 2 − z 3 − f (x, y) and
t z l u m for t + 2l + 3m = 2h(l = 0 and t = 0).
2 /3 + lower terms in h. Hence in Case (4-1, 2), w-mult µ:x 0 X = 8 3 < 4.
Case (4-3) Then we consider that, for
The rest of the proof of Case (4-3) is the same as Case (4-1, 2). Hence in Case (4), w-mult µ:
Case(5) cD/3. Case(5−1) u 2 +x 3 +y 3 +z 3 = 0 or Case(5−2) {u
4 /Z 3 (1, 2, 2, 0). Case(5 − 1) Let µ : Y → X be the weighted blowing up with the weight wt(x, y, z, u) = (2/3, 1/3, 1/3, 1) with the exceptional divisor E of µ. We consider that, for
Then we have Case (5-2) Let µ : Y → X be the weighted blowing up with the weight wt(x, y, z, u) = (2/3, 4/3, 1/3, 1) with the exceptional divisor E of µ by Theorem 1.9. Then we consider that, for x 3 = −u 2 − yz 2 − f (x, y, z) and
2 /8 + lower terms in h. Hence in Case (5-2), w-mult µ:x 0 X = 9 4 < 9 2 .
Case(6) cE/2, u 2 +x 3 +g(y, z)x+h(y, z) = 0, g, h ∈ (y, z) 4 , ⊂ C 4 /Z 2 (0, 1, 1, 1). We first assume that h 4 is not square, i.e., y 3 z. Let µ : Y → X be the weighted blowing up with the weight wt(x, y, z, u) = (1, 1/2, 1/2, 3/2) with the exceptional divisor E of µ by Theorem 1.9. Then we have that, for
2 /3 + lower terms in h. Hence, if h 4 is not square, w-mult µ:x 0 X = 8 3 .
We second assume that h 4 is square, i.e., y 4 or y 2 z 2 . Let µ : Y → X be the weighted blowing up with the weight wt(x, y, z, u) = (1, 3/2, 1/2, 3/2) with the exceptional divisor E of µ by Theorem 1.9. We consider that, for
2 /3 + lower terms in h. Hence if h 4 is square, w-mult µ:x 0 X = 4 3 < 8 3 .
Second we prove the weighted multiplicities of rational double points of only A type on surfaces for the weighted blowing up at the point. 
Proof. We consider
∋ (xy) l y t for lr + t(r − i) = hr and t(r − 1) ∈ rZ or x s (xy) l for si + lr = hr and s ∈ rZ.
Then we have dim
Thus we have hr/i(r
≥ 4r/(r 2 − 1) if r is odd or 4/r if r is even .
Third we prove the weighted multiplicities of log terminal singularities of only A type on surfaces for a weighted blowing up at the point. Theorem 2.3. Let S be a normal projective surface, x 0 ∈ S log terminal singularities of A type, i.e., ∼ = C 2 /Z r (a, 1) such that index x 0 S = r > 1, (r, a) = 1, 0 < a < r, and r, a ∈ Z >0 . Let µ a :S → S be the weighted blowing up of S at x 0 such that wt(x, y) = (a/r, 1/r) with the exceptional divisor E of µ a . Then we have w-mult µa:x 0 S = r a .
Proof. We consider
Thus hr/a ≤ dim µ a * OS(−hE)/µ a * OS(−(h + 1)E) ≤ hr/a + 1. Hence w-mult µa:x 0 S = r a .
General methods for freeness of adjoint linear systems
We can construct divisors which have high weighted multiplicity at a given point from the following:
Lemma 3.1. Let X be a normal and complete variety of dimension n, L a nef and big Q-Cartier divisor, x 0 ∈ X a point, and t,t 0 a rational number such that t > t 0 > 0. We assume that µ : Y → X be the weighted blowing up of X at x 0 with the exceptional divisor E of µ. Then there exists an effective Q-Cartier divisor D such that D ∼ Q tL and
Proof. We take r ∈ Q such that rL is Cartier and t ′ ∈ Q such that t ′ = t/t 0 > 1. We shall prove that there exists a positive integer m with rmt ∈ N and a member rD m ∈ |mtrL| such that w-ord µ: 
thus there exists an effective Q-Cartier divisor rD m and
The following proposition is the key of the proofs of our results of freeness:
. Let X be a normal projective variety of dimension n, x 0 ∈ X a KLT point, and L an ample Q-Cartier divisor such that K X + L is Cartier at x 0 . Assume that there exists an effective Q-Cartier divisor D which satisfies the following conditions:
4 Freeness conditions on threefolds at terminal singularities of index x 0 X > 1
We can improve [K1, Theorem 3.6] [K2, Theorem 4.1] for freeness conditions in the following:
Theorem 4.1. Let X be a normal projective variety of dimension 3, x 0 ∈ X a terminal singular point for index x 0 X = r > 1, and L an ample Q-Cartier divisor such that K X + L is Cartier at x 0 . Assume that there are positive numbers σ p for p = 1, 2, 3 which satisfy the following conditions:
√ r + 3, and σ 3 > (1 + 1/r) 3 r 2 /(r − 1). Then |K X + L| is free at x 0 .
Proof. Let µ : Y → X be the Kawamata's weighted blowing up for minimal discrepancies of terminal singularities in dimension 3 by Theorem 1.9 such that K Y = µ * K X + (1/r)E. By Theorem 2.1, we have w-mult µ:x 0 X ≤ r 2 /(r − 1).
Step 0. Let t be a rational number such that t > (1 + 1/r) 3 w-mult µ:x 0 X/L 3 . Since σ 3 > (1 + 1/r) 3 w-mult µ:x 0 X, we can take t < 1. Let t 0 be a rational number such that t 0 = (1 + 1/r) 3 w-mult µ:
Let c be the log canonical threshold of (X, D) at x 0 :
Then c ≤ 1. Let W be the minimal element of CLC(X, x 0 , cD). If W = {x 0 }, then |K X + L| is free at x 0 by Proposition 3.2, since ct < 1.
Step 1. We consider the case in which W = C is a curve. By Proposition 1.6, C is normal at x 0 , i.e., smooth at x 0 . Since σ 1 ≥ 1 + 1/r, there exists a rational number t ′ with ct + (1 − c) < t ′ < 1 and an effective Q-Cartier
1 is chosen to be general, we have c ′ > 0. We have an element
) has an element which is properly contained in C. By Proposition 1.7, we conclude that (X, cD + c ′ D ′ ) is LC at x 0 , and CLC(X, x 0 , cD + c ′ D ′ ) has an element which is properly contained in C, i.e., {x 0 }.
Step 2. We consider the case in which W = S is a surface. Since the embedding dimension of X at x 0 ≤ r + 4 by Theorem 1.10, the embedding dimension of S at x 0 ≤ r + 4. Hence we have mult x 0 S ≤ r + 3 ( [A, Corollary 6] ). As in Step 1, we take a rational number t ′ , an effective Q-Cartier D ′ on X and a positive number c ′ such that ct
is LC at x 0 , and that the minimal element W ′ of CLC(X, x 0 , cD + c ′ D ′ ) is properly contained in S. Thus we have the theorem when W ′ = {x 0 }. We consider the case in which W ′ = C is a curve. Since t, t ′ < 1, we have ct + c
Step 1, we take a rational number t ′′ , an effective Q-Cartier divisor D ′′ on X and a positive number c ′′ such that ct + c
We may treat quotient terminal singularities or general cases of nonhypersurface terminal singularities (Theorem1.8 (1) case ).
Theorem 4.2. Let X be a normal projective variety of dimension 3, x 0 ∈ X a terminal singular point for index x 0 X = r > 1, and (X,
for (r, a) = 1 and 0 < a < r, and L an ample Q-Cartier divisor such that K X + L is Cartier at x 0 . Assume that there are positive numbers σ p for p = 1, 2, 3 which satisfy the following conditions:
√ r + 3, and σ 3 > (1 + 1/r) 3 r 2 /a(r − a). Then |K X + L| is free at x 0 .
Proof. Let µ : Y → X be the Kawamata's weighted blow up for minimal discrepancies of terminal singularities in dimension 3 in Theorem 1.9 such that K Y = µ * K X + (1/r)E. By Theorem 2.1, we have w-mult µ:x 0 X ≤ r 2 /a(r − a). The rest of proof of Step 0, 1, and 2 is the same as Step 0, 1, and 2 of the proof of Theorem 4.1.
We have the following concrete example for Theorem 4.2.
Example 4.3. Let X = P(1, a, r − a, r) and x 0 = (0 : 0 : 0 : 1). Then x 0 is a quotient singular point of type Z r (1, a, r−a) and
5 Effective freeness conditions on surfaces at log terminal singularities of A type Surprisingly we know that, for effective freeness condition, the weighted blow up and the weighted multiplicities are more important than the fundamental cycle and Kawachi invariant and more powerful Kawachi invariant.
We consider rational double points of only A type in the following. The following theorem for rational double points of only A type is an improvement of the result of Ein and Lazarsfeld [EL, Theorem 2.3] for rational double points of A type: Let S be a normal projective surface, x 0 ∈ S a rational double point, and L an ample Q-Cartier divisor such that K S + L is Cartier at x 0 . If L 2 > 2 and LC ≥ 1 for any curve C through x 0 , then |K S + L| is free at x 0 .
Theorem 5.1. Let S be a normal projective surface, x 0 ∈ S a rational double point of A r−1 type for index x 0 S = r > 1, and L an ample Q-Cartier divisor such that L is Cartier at x 0 . Assume that there are positive numbers σ p for p = 1, 2 which satisfy the following conditions:
2) σ 1 ≥ 1 and σ 2 > 2 r/(r 2 − 1) if r is odd or 2/ √ r if r is even.
Then |K S + L| is free at x 0 .
Proof. Let µ :S → S be the weighted blowing up of S at x 0 such that wt(x, y) = ((r − 1)/2r, (r + 1)/2r) if r is odd or (1/2, 1/2) if r is even and KS = µ * K S . Then by Theorem 2.2 we have w-mult µ:x 0 S = 4r/(r 2 − 1) if r is odd or 4/r if r is even .
Step 0. Let t be a rational number such that t > w-mult µ:x 0 S/L 2 . Since σ 2 > w-mult µ:x 0 S, we can take t < 1. Let t 0 be a rational number such that t 0 = w-mult µ:x 0 S/L 2 − ǫ for 0 ≤ ǫ ≪ w-mult µ:x 0 S/L 2 . By Lemma 3.1, there exists an effective Q-Cartier divisor D such that D ∼ Q tL and w-ord µ:
Let c be the log canonical threshold of (S, D) at x 0 : c = sup {t ∈ Q; K S + tD is LC at x 0 }.
Then c ≤ 1. Let W be the minimal element of CLC(X, x 0 , cD). If W = {x 0 }, then |K S + L| is free at x 0 by Proposition 3.2, since ct < 1.
Step 1. We consider the case in which W = C is a curve. By Proposition 1.6, C is normal at x 0 , i.e., smooth at x 0 . Since σ 1 ≥ 1, as in Step 1 of Theorem 4.1, we take a rational number t ′ , an effective Q-Cartier D ′ on X and a positive number c ′ such that ct
is LC at x 0 , and that the minimal element
We consider log terminal singular points of A type in the following. The following theorem is an improvement of the following results of Kawachi [KM] or [Kwc] without boundary: Let S be a normal projective surface, x 0 ∈ S log terminal singularities of A type, i.e., ∼ = C 2 /Z r (a, 1) ∼ = C 2 /Z r (1, b) such that index x 0 S = r > 1, (r, a) = 1, (r, b) = 1, ab ≡ 1( mod r), and r, a, b ∈ Z >0 and L an ample Q-Cartier divisor such that K S + L is Cartier at x 0 . Let f : T → S be the minimal desingularization of the germ (S, x 0 ) and ∆ = f * K T − K S be the canonical cycle and Z the fundamental cycle of x 0 . Note that ∆ is effective Q-divisor supported on f −1 (x 0 ). Then we have
2 | x is an effective Q-Weil divisor supported on f −1 (x 0 ) }. Let ∆ = n i=1 e i E i be the prime decomposition where E 1 and E n are placed on the edge of the chain of dual graph. If LC ≥ 1 − max{e 1 , e n } (note max{e 1 , e n } = 1 − (min{a, b} + 1)/r) for any curve C through x 0 and √ L 2 > δ min , then |K S + L| is free at x 0 .
Theorem 5.2. Let S be a normal projective surface, x 0 ∈ S log terminal singularities of A type, i.e., ∼ = C 2 /Z r (a, 1) ∼ = C 2 /Z r (1, b) such that index x 0 S = r > 1, ab ≡ 1( mod r), 0 < a, b < r, and r, a, b ∈ Z >0 and L an ample Q-Cartier divisor such that K S + L is Cartier at x 0 . Assume that there are positive numbers σ p for p = 1, 2 which satisfy the following conditions:
(1) p √ L p · W ≥ σ p for any subvariety W of dimension p which contains x 0 , (2) σ 1 ≥ (min{a, b} + 1)/r and σ 2 > (min{a, b} + 1)/ min{a, b}r. Then |K S + L| is free at x 0 .
Proof. Let µ :S → S be the weighted blowing up of S at x 0 such that wt(x, y) = (a/r, 1/r) if a ≤ b or wt(x, y) = (1/r, b/r) if a ≥ b with the exceptional divisor E of µ. Then, KS = µ * K S + (1 − (min{a, b} + 1)/r)E. Then by Theorem 2.3 we have w-mult µ:x 0 S = r/ min{a, b}. The rest of the proof is the same as the Step 0 and 1 of Theorem 5.1.
We have the following concrete example for Theorem 5.2.
Example 5.3. Let S = P(1, min{a, b}, r) and x 0 = (0 : 0 : 1), such that r > 1, ab ≡ 1( mod r), 0 < a, b < r and r, a, b ∈ Z >0 . Then x 0 is a quotient singular point of type Z r (1, min{a, b}) and K S = O(−r − min{a, b} − 1). If K S + L is Cartier at x 0 and L is effective, we have L = O(rk + min{a, b} + 1)(k ∈ Z, rk + min{a, b} + 1 ≥ 0). If L = O(min{a, b} + 1), then |K S + L| is not free at x 0 and L 2 = (min{a, b} + 1) 2 / min{a, b}r.
Remark 5.4. Now we assume that min{a, b} = 1. Since we have that δ min = min{ n i=1 (1 − e i + x i ) 2 (−E i 2 ) + n−1 i=1 2(1 − e i + x i )(1 − e i+1 + x i+1 )| x is an effective Q-Weil divisor supported on f −1 (x 0 )}, δ min ≥ min{(1 − e 1 + x 1 ) 2 (−E 1 2 − 1) + (1 − e n + x n ) 2 (−E n 2 − 1)| x 1 and x n is an effective Q-Weil divisor supported on f −1 (x 0 )} ≥ (1 − e 1 ) 2 (−E 1 2 − 1) + (1 − e n ) 2 (−E n 2 − 1) ≥ (1 − max{e 1 , e n }) 2 (−E 1 2 − E n 2 − 2) > (1 + min{a, b}) 2 / min{a, b}r(note − E i ≥ 2, −E 1 2 > r/(r − re 1 − 1), and − E n 2 > r/(r − re n − 1)). Thus if min{a, b} = 1, δ min > (1 + min{a, b}) 2 / min{a, b}r. Hence if min{a, b} = 1, effective freeness conditions in Theorem 5.2 is better than in [KM] and [Kwc] . Moreover we assume that min{a, b} = 1, i.e., a = 1 and b = 1. Then we have that the fundamental cycle is one prime divisor. Since we have that δ min = min{(1 − e 1 + x 1 ) 2 (−E 1 2 )| x is an effective Q-Weil divisor supported on f −1 (x 0 )} = (1 − e 1 ) 2 (−E 1 2 ), then δ min = 4/r. Hence if a = 1 and b = 1, effective freeness conditions in Theorem 5.2 is the same as in [KM] and [Kwc] .
We have the following concrete and easy example that Theorem 5.2 is better than the results of Kawachi [KM] and [Kwc] .
Example 5.5. Let S = P(1, 2, 5) and x 0 = (0 : 0 : 1). Then x 0 is a quotient singular point of type Z 5 (1, 2) and K S = O(−8). If K S + L is Cartier at x 0 and L is effective, we have L = O(5k + 3)(k ∈ Z, 5k + 3 ≥ 0). If L = O(3), then |K S + L| is not free at x 0 and L 2 = 9/10. We have δ = 7/5 = δ min = min{2(3/5 + x 1 ) 2 + (4/5 + x 2 ) 2 + (x 1 − x 2 − 1/5) 2 |x 1 ≥ 0 and x 2 ≥ 0} ≥ } ≥ min{2(3/5 + x 1 ) 2 + (4/5 + x 2 ) 2 |x 1 ≥ 0 and x 2 ≥ 0} = 34/25 > 9/10 and LC ≥ 3/5.
